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Abstract. We theoretically investigate the nonlinear soliton tunneling and soliton ejection on time-dependent 
potentials. The problem is approached with two models based on the Gross-Pitaevskii equation that describes 
optical solitons in nonlinear optics as well as matter-wave solitons in Bose-Einstein condensates. The first model, 
which is integrable, consists of an expulsive harmonic potential of Mexican sombrero-like type and an 
exponentially growing nonlinearity corresponding to soliton compression. The second model corresponds to a wall 
potential barrier and constant nonlinearity. The integrable model shows that, due to soliton compression, tunneling 
occurs only with sudden and full transmission. With constant nonlinearity, all observed nonlinear tunneling regimes 
are accounted for and the effect of the soliton and the barrier parameters are investigated. We discuss the 
experimental feasibility of observing these tunneling regimes in Bose-Einstein condensates.
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1. Introduction

The experimental realization of solitons in Bose-Einstein condensates [1-6] has 
stimulated intense interest in their properties [7-15]. Particularly, the inhomogeneity 
provided by the trapping potential further enriched the solitons dynamics, soliton-soliton 
interaction, and solitons interaction with potentials [16-25].
Solitons behave as classical particles unless their phase starts to play a role. The effect 
of the phase appears more prominently in soliton-soliton interactions and in the 
interaction of solitons with a potential. For instance, it is established that the phase 
difference between neighboring solitons of an attractive Bose-Einstein condensate is 
responsible for the observed repulsion between the solitons [5,7].

Another example is the recent experiment [26] where nonlinear soliton tunneling and 
soliton ejection were discovered. In this experiment, a wave packet was launched inside 
a trap potential. By increasing the power of the wave packet, the dynamics transformed 
from linear tunneling to nonlinear tunneling, and then to soliton ejection. In addition, 
partial trapping of the soliton was also observed.

Stimulated by this experiment, we present here two theoretical models that account for 
the observed tunneling regimes. The models are based on the Gross-Pitaevskii equation
which describes the matter-wave solitons in Bose-Einstein condensates as well as 
optical solitons in nonlinear optics. The first model, which is integrable, consists of an 
expulsive harmonic potential and an exponentially growing nonlinearity. The expulsive 
potential corresponds to the potential barrier through which the solitons will tunnel. The 
growing nonlinearity corresponds to soliton compression. In Bose-Einstein solitons, this 
can be achieved by modulating the scattering length with time using the Feshbach 
resonances [23]. In nonlinear optics, soliton compression can be realized by increasing 
the power of the solitonic pulse. Due to the obligatory soliton compression embedded in 
the model, the dynamics is restricted to full reflection, full transmission, or soliton 
trapping at the top of the barrier. Although this behavior resembles that of a classical 
particle crossing a barrier, it will be shown that, due to the nonlinearity, tunneling indeed 
exists here. In particular, we will show that a tunneling regime exists where full 
transmission takes place while the soliton energy is less than the height of the barrier. 
This is possible only for the case of negative nonlinearity, which this paper will be 
restricted to consider. In order to account for a wider range of the tunneling behavior, we 
considered the second non integrable model. In this model a soliton is incident on a wall 
potential barrier. Here, partial reflection and transmission occur and the soliton width and 
initial velocity as well as the barrier's width and height constitute the parameter space 
that we use to transform from one tunneling regime to the other. With these two models, 
we present here a thorough investigation that accounts for all possible tunneling regimes 
including linear tunneling, nonlinear tunneling, soliton trapping, and soliton ejection.

The paper is started by an integrable model, in which we use the Darboux 
transformation method [27] to find new exact soliton solutions of the Gross-Pitaevskii 
equation with an expulsive harmonic potential of general time-dependent strength and a 
related time-dependence of the nonlinearity. The resulting center of mass dynamics, 
which decouples from the internal degrees of freedom, resembles that of a classical 
particle moving on the surface of an inverted parabolic barrier where three possibilities 
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exist: reflection, crossing, and trapping. The soliton reflects (crosses) if its initial kinetic 
energy is less (larger) than the height of the potential barrier. The soliton will be trapped 
on the top of the potential barrier when its kinetic energy is equal to the height of the 
barrier. Notice that such a simple classical picture holds in the presence of the time-
dependent inter atomic interaction. Here one can think of a situation where the kinetic 
energy is large enough for the soliton to cross the barrier and, at the same time, its 
interatomic interaction is negative and large enough to make the total energy of the 
soliton less than the height of the barrier. In this case, the soliton crossing should be 
denoted by tunneling. There is therefore a minimum strength of the interatomic 
interaction below which the crossing is regarded as classical transmission and above 
which the transmission is regarded as quantum tunneling.

2. Soliton Tunneling through an expulsive harmonic potential

Solitons in Bose-Einstein condensates were created in highly anisotropic traps with tight 
confinement in only two directions, say y and z [4-5]. This resulted in an elongated 
condensate in the x direction. In such a configuration, the transverse degrees of freedom 
are practically frozen and the system can be considered effectively one-dimensional. 
The three-dimensional Gross-Pitaevskii equation can then be integrated over the y and z
directions to result in the following one-dimensional Gross-Pitaevskii equation [28]
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Here, g=4πκℏ²/m is the strength of the interatomic interaction with 
22/  aak s 
, where 

as is the absolute value of the s-wave scattering length and a is the characteristic 
length of the trapping potential in the transverse direction. The characteristic frequencies 
of the harmonic trapping potential in the axial and transverse directions are denoted by 
ωx and ωT, respectively. The dimensionless general real functions Ω(t) and R(t) are 
introduced to account for the time-dependencies of the strengths of the trapping 
potential and the nonlinear interatomic interaction.
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.

Fig. 1. Parabolic trapping and expulsive mexican-sombrero like potentials with cylindrical symmetry of 
additional optical trapping potential.

Scaling length to ax, time to 1/ωx, and ψ(x,t) to sa/1
, the Gross-Pitaevskii equation 

takes the dimensionless form
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where a is the scaled scattering length.
    
Eq. (2) can be solved using, for example, the Darboux transformation method [27], and 
as it was shown in [21-23, 29] is integrable only when Ω(t) and R(t) are given by a 
general relation
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If we chose R(t)=exp{γ(t)} then Eq.(3) is written as follows: Ω (t)=-γ(t)²+γ(t) and the 
corresponding integrable Gross-Pitaevskii equation takes the form 
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The exponential factor in front of the nonlinear interaction term leads to soliton 
compression or self focusing (for γ>0), which can be accounted for experimentally in 
both Bose-Einstein condensates and nonlinear optics. 

Finally, we can write the following exact soliton solution of Eq.(4)
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The solution describes a soliton, containing N atoms, centered at xcm(t) and moving with 
a group (or center-of-mass) velocity dxcm(t)/dt. There are four parameters that control the 
soliton initial state. The initial position and velocity of the soliton center are determined 
by xcm(0)=x₀ and xcm(0)=v₀, respectively. The number of atoms N and scattering length a
determine the initial width and central density of the soliton. Although the above exact 
solution applies for both positive and negative scattering lengths, we confine ourselves 
in this paper to the case of negative scattering lengths or bright solitons.

From the Euler's equation of the Lagrangian L[xcm,dxcm/dt], one can derive the equation 
of motion for xcm(t)
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This equation shows that the center of mass motion is controlled only by the trapping 
potential and is not affected by the interatomic interaction. The trajectory of the soliton 
can, therefore, be controlled only by γ(t). However, one should keep in mind that the 
strength of interatomic interaction is proportional to exp(γ(t)/2). Some choices for γ(t)
lead to situations that can be realized experimentally. For example, γ(t)=γt results in an 
expulsive harmonic trapping potential, V(x) = -γ²x²/2, and exponential growth (or decay) 
of the scattering length a exp(γt). This setup is possible experimentally since solitons 
have already been created in expulsive harmonic potentials [4] and the Feshbach 
physics has already been used to modulate the scattering length with time in such a 
manner [4,5]. This case is also interesting from the theoretical point of view since it 
corresponds to the nonlinear interaction between a soliton and a potential barrier which 
is in this case the inverted harmonic potential. The exponential growth of the scattering 
length further enriches the nonlinear dynamics by affecting the different tunneling 
regimes such as linear and nonlinear tunneling, soliton trapping and soliton ejection. 
Tunneling of optical solitons was recently observed, and these different tunneling 
regimes were obtained by changing the intensity of the incident soliton [26].
   Substituting γ(t)=γt in Eq. (7), the soliton center-of-mass position simplifies to

  )sinh(/)cosh()( 00 tvtxtxcm          
(10)

and Eq. (9) takes the form
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These two equations show that the motion of the soliton is analogous to that of a 
classical particle subject to an expulsive force γx, which is a manifestation of Ehrenfest's 
theorem. The condition x+v/γ=0 separates the two cases of soliton behavior. When v₀ > 
-γx₀, a reflection from the potential takes place. When v₀ < -γx₀, the soliton crosses the 
barrier and a transmission takes place. For the special case v₀=-γx₀, the soliton is 
trapped at the maximum of the potential. Figures 2-4 illustrate these three scenarios of 
the soliton behavior. 

This behavior of solitons is analogous to that of a classical particle of mass m launched 
at a horizontal distance x₀ with an initial velocity v₀ against an inverted parabolic 
potential barrier which crosses the x-axis at x₀. If the initial kinetic energy of the particle 
is less than the potential energy at the top of the barrier, the particle returns back, 
corresponding to soliton reflection. If the initial kinetic energy is larger than the potential 
energy at the top, the particle will cross the barrier to the other side which corresponds 
to soliton transmission. If the initial kinetic energy is equal to the potential energy at the 
top, the particle will settle at the top of the potential which corresponds to soliton 
trapping. Equating the mechanical energy at the bottom, which is totally kinetic, 
E=KE=mv²/2, with the energy at the top which is totally potential, E=γ²x²/2, gives the 
condition found above, namely v=±γx. Therefore one may conclude that the cross over 
is not tunneling since the soliton crosses the barrier only when its mechanical energy is 
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larger than the height of the barrier. However, this is not a correct conclusion since we 
have not yet included the interatomic interaction energy. Although the interatomic 
interaction does not affect the center of mass motion, it should be counted when we 
calculate the energy of the soliton when it crosses the barrier. We will show below that 
under a certain condition related to the scattering length, the energy of the soliton as it 
crosses the barrier is less than the height of the barrier and the cross over can indeed 
be denoted as tunneling.   To show that the soliton indeed tunnels through the potential 
barrier, we calculate the energy of the soliton using the wave function Eq. (5) in the 
energy functional, which gives

E = 0.5N[v² - γ²x² - (1/12)(aN)²exp{2γt}]    . (12)

Since in our case the height of the barrier is zero at x=0, tunneling occurs when the 
energy of the soliton is negative at the transmission point. Using the transmission 
condition |v|>|γ|x, Eq.12 shows that for a noninteracting system (a=0) the energy of the 
soliton is always positive, i.e., larger than the height of the barrier, and therefore 
tunneling is not possible. The presence of interatomic interactions, on the other hand, 
makes tunneling possible. In this case, the energy decreases monotonically with time. 

Therefore, a sufficient condition for tunneling to occur would be E(t=0)<0, which results 
in |a|N>[12(v²-γ²x²)]1/2. A more accurate condition can be obtained if we require the 
energy at the transmission point to be negative. 

It is interesting to notice that the above condition gives different minimum densities for 
γ>0 and γ<0. Keeping in mind that v₀ is opposite to x₀ for transmission to take place, the 
minimum density for the γ>0 case is proportional to the difference between |v₀| and |γx₀| 
while for the γ<0 case the minimum density is proportional to the addition of |v₀| and 
|γx₀|. This is so because the nonlinear interaction energy is proportional to -exp(γt). For 
γ<0, the magnitude of the energy decreases with time and therefore the soliton energy 
at the barrier will not be small enough to make the total energy less than the height of 
the barrier. A larger initial energy (or density) is thus needed in order to compensate for 
this energy decrease. 
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Fig. 2. Soliton reflecting from the barrier. In 
the bottom the contour map shows a center of 
mass trajectory. The parameters used are: 
initial position x0=25, gamma=0.2, initial 
velocity v0 = -4.8, and aN=0.1.

Fig. 3. Soliton tunneling through the expulsive 
harmonic potential. In the bottom the contour 
map shows a center of mass trajectory. The 
parameters used are: initial position x0=25, 
gamma=0.2, initial velocity v0 = -5.2, and 
aN=0.1.

Fig. 4. Soliton trapping with v0=-γx0. The 
parameters used are: initial position x0=25, 
gamma=0.2, initial velocity v0 = -5.0, and 
aN=0.1.
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Fig. 5.  Two in-phase soliton interaction in 
expulsive mexican-sombrero like potential. 
The tunneling case is presented.

Fig. 6.  Two opposite phase soliton interaction 
in expulsive mexican-sombrero like potential.  
The tunneling case is presented.

Fig. 7.  Two in-phase soliton interaction in 
expulsive mexican-sombrero like potential. The 
reflection case is presented. 
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3. Effect of soliton compression, nonlinearity, and phase

To understand the effect of nonlinearity and soliton compression on the tunneling 
dynamics, we studied the linear tunneling case, namely Eq. 4 with a=0, and the 
nonlinear case without soliton compression, namely Eq. 4 with constant scattering 
length. For the first case, the exact solution, Eq. 5, is not valid for a=0, while for the 
second case the Gross-Pitaevskii equation becomes homogeneous. Therefore, in order 
to study these two cases we need to solve the Gross-Piatevskii equation numerically 
using ψ(x₀,0) as the initial wave function. The transmission coefficient is then calculated 
after scattering.

In the linear tunneling case, the tunneling dynamics is affected mainly by the width of the 
soliton. The first observation is that, unlike the previous integrable model, partial 
transmission and reflection is now possible. For large soliton widths, the transmission 
coefficient approaches that of plane waves [30]. For smaller soliton widths, the 
transmission coefficient approaches that of a classical particle, namely a step function 
with a discontinuity at v=-γx.

It is interesting to notice that although the transmission coefficient of our nonlinear model 
with compression, Eq. 4 is identical to that of a classical particle, the transmission is not 
classical. Calculating the energy in this case shows that, due to the negative nonlinear 
interaction, the soliton transmits with its energy being lower than the height of the 
barrier. To study the effect of the nonlinearity without compression, we solve the Gross-
Pitaevskii equation for nonzero a but without the exponential factor in the nonlinear term. 
It is clear from our calculations that nonlinearity makes the transmission more classical-
like, i.e, step function.

We have also studied the effect of the soliton phase profile on its tunneling dynamics. 
Specifically, we have investigated the influence of the quadratic chirp in the soliton 
phase given by Eq. 6. It is clear from both calculations that the phase chirp drifts the 
tunneling behavior towards the nonlinear regime. In the nonlinear tunneling with 
compression case, the phase chirp turns out to be essential for the transmission 
coefficient to be a step function.
    

4. Conclusion

We have investigated the nonlinear tunneling behavior of Bose-Einstein and optical 
solitons. This was performed using two models based on the Gross-Pitaevskii equation. 
The first model corresponds to tunneling through and expulsive harmonic potential with 
soliton compression. The second model corresponds to tunneling through a wall 
potential barrier without soliton compression. The first model shows that, due to the 
soliton compression, it is possible for the solitons to tunnel with sudden and full 
transmission corresponding to the observed soliton ejection in Ref. [26]. 

As a conclusion, there are three tunneling cases: linear tunneling, nonlinear tunneling, 
and nonlinear tunneling with compression. Linear tunneling is controlled by the width of 
the soliton and is characterized by partial transmission that may take place at low soliton 
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velocities. Nonlinear tunneling is also characterized by partial transmission, but takes 
place within a smaller range of velocities. The nonlinear tunneling with compression is 
characterized by full transmission and a step-function transmission coefficient. This case 
shows that soliton compression prevents the soliton from splitting at the top of the 
potential as it does in linear and nonlinear tunneling. Furthermore, soliton compression 
leads to a tunneling behavior that is classical-like transmission, namely either full 
transmission or full reflection similar to the soliton ejection behavior realized in the 
experiment of Ref. [26]
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